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Abstract The application of geometric modelling in order to improve the efficiency of utilization of cargo 

space of vehicles is one of the steps forward in the practical application of the synthesis of basic geometric 

principles and computer programming. The paper presents the concept of solving a three-dimensional packing 

problem – the 3D Bin Packing Problem. The final result of the implementation of the aforementioned concept 

is the formation of a three-dimensional model of the packing plan, on the basis of which the compactness of 

cargo and the maximum utilization of cargo space is achieved. The applicability is shown in the example of 

packing packages within a company that deals with the transfer of postal express items. In such systems, 

solving the 3D Bin Packing Problem produces significant results. The reason for this is the stochastic nature of 

the transport requirements, which is primarily reflected in the different physical characteristics of the packages 

being transported. The efficient utilization of cargo space within transport systems contributes to the 

improvement of the realization of business activities and the reduction of costs 
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1. INTRODUCTION  

Modern transportation systems represent a significant link in the goods distribution chain. They are 

faced with numerous challenges which often deviate from certain standardization criteria. This 

primarily refers to deadlines and the structure of the transported goods. Depending on their size and 

business policy, companies can use their own distribution systems or the systems hired from a third 

party. As a consequence, distribution chains and transportation networks of different complexity are 

created. 

The postal network is one of the most developed logistics networks which daily transports a large 

number of consignments from one location to another. The realization of this process requires 

expenses in terms of money, energy, time, as well as other necessary resources. On the other hand, all 

companies believe that the successful business operation is reflected in the realized profit. It can be 

thus concluded that the efficient performance of activities and the responsible and justified use of 

resources are the pre-conditions for the successful operation of every company. Since transportation 

activities represent the most challenging segment of consignment shipment, their optimization is a 

significant factor of success. Dispatching and packing of consignments represent the reloading 

activities which significantly affect the efficiency of the transportation process. The manner of 

packing primarily affects the consignment safety and the cargo space usage, and consequently the 

efficiency of the total fleet. The significance of this problem is seen in the fact that in the future the 

postal system will witness an increasing number of consignments of non-standardized characteristics 

[1]. This paper analyzed the technological process of shipping express consignments in the postal 
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company. This company represents one of the largest logistics and distribution systems in Serbia and 

the region. Specific problems and challenges were identified in the process. They occur mostly due to 

the increasing number of non-standardized consignments in the system. One of the main causes of 

this tendency is the expansion of e-commerce chains and the share of postal companies in these 

systems, primarily in the segment of delivering the purchased goods. One of the selected problems is 

related to the inefficient usage of the cargo space of transportation vehicles due to the impossibility of 

compact packing of non-standardized consignments. This problem leads to the situation in which all 

consignments that are supposed to be transported to a delivery unit of the postal network cannot be 

packed in the envisaged cargo space of the delivery vehicle. This can result in delayed deliveries 

(waiting for a vehicle to return from the fieldwork or waiting for the next transportation line) or the 

necessity of hiring additional resources (means of transportation and couriers), which increases the 

expenses. This negatively impacts the sustainable development of postal services. 

In the literature, this problem is named the 3D Bin Packing Problem, or the three-dimensional 

packing problem. It can also have other labels containing the following keywords - Container 

Loading Problems – CLP [2]. This problem can be solved by means of various suitable algorithms 

and realization software [1]. In order to optimize the use of the cargo space when transporting 

consignments, this paper proposed the introduction and application of a solving concept for the 3D 

Bin Packing Problem. On the basis of this concept, a geometric model of the packing plan was created 

in accordance with appropriate constraints. The results of the concept application were presented 

using an example from a real system, and the specialized software EasyCargo was used for solving 

the task of three-dimensional packing. 

2. THE CONCEPT OF THE PROBLEM OF PACKING BINS INTO THE CARGO SPACE 

In the literature, the packing problem is most often called the 3D Bin Packing Problem, i.e. the 

three-dimensional packing problem. However, this concept was preceded by the approaches for 

solving one-dimensional or two-dimensional problems. One-dimensional packing is the task of 

placing specific goods, objects or parcels into the corresponding cargo spaces by maintaining a high 

level of the cargo space usage and taking care of only one constraint – dimension (for example, the 

transportation vehicle capacity) [3]. The two-dimensional packing problem (2D Bin Packing 

Problem) is the improvement of the one-dimensional problem in terms of constraints which are 

considered while packing. Namely, this task considers two constraints – dimensions (for example, the 

parcel’s length and width). One of the first tasks from this field found in the literature is packing 

(placing) the highest possible number of small rectangles of certain dimensions (without overlapping) 

on the surface of a larger rectangle [4]. The three-dimensional packing is a special case or a synthesis 

of the previously defined problems which takes into consideration the minimum of three constraints – 

dimensions [5]. The solution to this problem is creating a geometric model of the packing plan in the 

defined cargo space, container, on a pallet, etc. [1]. 

The 3D Bin Packing Problem is frequently associated with loading goods and pallets into the cargo 

space of a delivery vehicle or into a container, but it is also related to numerous other modifications, 

such as pallet packing. One of the first papers on this subject was written by Wright. It offered a 

solution related to the most suitable configuration for loading pallets into the cargo space [6]. The 3D 
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packing task can have different constraints and specific characteristics, such as rotating the parcels 

(yes/no), defining their priority when packing, stability analyses, etc. [7,8,9,10]. Lin et al. partially 

analyzed the concept of the 3D Bin Packing Problem in the field of parcel consignment delivery. In 

this study, the aim was to apply the 3D packing concept while eliminating reloading of parcels after 

each completed delivery [11]. When it comes to the consignment delivery and postal traffic, the 

problem was solved using the real system of the postal company in Serbia [1]. 

A significant number of algorithms for solving the tasks of 2D and 3D packing have been developed 

so far [12,13,14,15,16,17]. Some of them have been applied in the corresponding specialized 

software. 

The general mathematical problem includes the task of packing parcels of specific dimensions into a 

cargo space of the pre-defined structure and capacity with the aim of its maximum exploitation, i.e. 

compact packing and reduction of space between the parcels [18]. In order to realize the mathematical 

model, one should know the dimensions of the available cargo spaces, as well as the dimensions of 

each bin which is to be loaded. One of the important suggestions is to pack the bins in so that their 

edges are parallel and perpendicular to the edges of the cargo space. A general model [18] is 

presented in the following text. The following variables and parameters were used: 

 N – the total number of bins which should be packed; 

 t – the total number of available cargo spaces; 

 B – an arbitrarily large number; 

 uij – a binary variable defining whether the bin i is placed into the cargo space j (uij = 1, when the 

bin i is placed into the cargo space j; uij = 0, in other cases); 

 oj – a binary variable showing whether the cargo space j is occupied (oj = 1, when the cargo space 

j is occupied;  oj = 0, in other cases); 

 Dj,Sj, Vj – parameters related to the length, width and height of the cargo space j; 

 pi,qi, ri – parameters related to the length, width and height of the bin i; 

 xi, yi, zi – shows the location, or the coordinates of the front bottom left corner of the bin i in the 

cargo space; 

 dxi, dyi, dzi – binary variables indicating whether the length of the bin i is parallel to the axes X, Y 

and Z. If, for example dyi= 1, it means that the length p is parallel to the axis Y, while dyi= 0 is the 

opposite; 

 sxi,syi, szi – binary variables indicating whether the width of the bin i is parallel to the axes X, Y and 

Z. If, for example syi= 1, it means that the width q is parallel to the axis Y, while syi= 0 is the 

opposite; 

 vxi,vyi, vzi – binary variables indicating whether the height of the bin i is parallel to the axes X, Y 

and Z. If, for example vyi= 1, it means that the height r is parallel to the axis Y, while vyi= 0 is the 

opposite; 

The following binary variables indicate the relative position between the bins: 

 aik – has the value 1 if the bin i is to the left of the bin k; 

 bik – has the value 1 if the bin i is to the right of the bin k; 
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 cik – has the value 1 if the bin i is behind the bin k; 

 gik – has the value 1 if the bin i is in front of the bin k; 

 eik – has the value 1 if the bin i is under the bin k; 

 fik – has the value 1 if the bin i is above the bin k. 

When it comes to the observed dimensions, length always refers to the longest dimension, height to 

the shortest, while width refers to the medium dimension. Figure 1 represents an arbitrary cargo space 

j with two bins i and k. The fact that the bins i and k are in the cargo space j makes the binary variables 

uij and ukj have the value 1. The analysis of the relative position of the bins shows that the bin i is to the 

right of and behind the bin k, so the variables bik and cik have the value 1. The values of the variables 

aik, gik, eik and fik  amount to 0 in this case. 

The analysis of the location of the bin i in relation to the cargo space j shows that the length of the bin 

pi is parallel to the axis X  (dxi=1; dyi,dzi=0), the width of the bin qi is parallel to the axis Z (szi=1; 

sxi,syi=0), while the height of the bin ri is parallel to the axis Y (vyi=1; vxi,vzi=0). The orientation of the 

bin k in relation to the cargo space j is the same as in the case of the bin i, so the variables have the 

following values: 

dxk =1; dyk, dzk =0; 

szk =1; sxk, syk =0; 

vyk =1; vxk, vzk =0. 
 

 

Figure 1. The cargo space j with the two packed bins (package) i and k.  
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The problem of packing bins into the cargo space is presented by means of the model of mixed integer 

linear programming [18]: 

min 𝐷𝑗

𝑡

𝑗=1

∗ 𝑆𝑗 ∗  𝑉𝑗 ∗ 𝑜𝑗 −  𝑝𝑖 ∗ 𝑞𝑖

𝑁

𝑖=1

∗ 𝑟𝑖  

 

(1) 

s.t. 

xi + pi * dxi  + qi * sxi + ri * vxi ≤ xk + (1- aik)*B ,     for all i, k, i < k (1) 

xк + pк * dxк  + qк * sxк + rк * vxк ≤ xi + (1- bik)*B ,     for all i, k, i < k (2) 

yi + qi * syi  + pi * dyi + ri * vyi ≤ yk + (1- cik)*B ,     for all i, k, i < k (3) 

yk + qk * syk  + pk * dyk + rk * vyk ≤ yi + (1- gik)*B ,     for all i, k, i < k (4) 

zi + ri * vzi  + qi * szi + pi * dzi ≤ zk + (1- eik)*B ,     for all i, k, i < k (5) 

zk + rk * vzk  + qk * szk + pk * dzk ≤ zi + (1- fik)*B ,     for all i, k, i < k (6) 

aik + bik + cik + gik + eik + fik ≥ uij + ukj - 1,     for all i, k, j, i < k (7) 

, for all i (8) 

, for all j 
(9) 

xi + pi * dxi  + qi * sxi + ri * vxi ≤ Dj + (1- uij)*B ,    for all i, j (10) 

yi + qi * syi  + pi * dyi + ri * vyi ≤ Sj + (1- uij)*B ,     for all i, j (11) 

zi + ri * vzi  + qi * szi + pi * dzi ≤ Vj+ (1- uij)*B ,     for all i, j (12) 

dxi, dyi, dzi, sxi, syi, szi, vxi, vyi, vzi, aik, bik, cik, gik,eik,  fik, uij, nj = 0 or 1,  

xi, yi, zi ≥ 0  

The objective function is used with the aim is to minimize the unused cargo space while packing. The 

constraints 1-6 ensure that there are no overlaps of the bin locations in the cargo space. Naturally, this 

constraint is valid only for the bins which are in the same cargo space, which is checked within the 

constraint 7. The constraint 8 guarantees that each bin can be only in one cargo space. If a bin is 

loaded into the cargo space, the cargo space is considered to be used (constraint 9). The constraints 10 

– 12 ensure that all the packed bins are within the physical dimensions of the cargo space. 

Therefore, it can be concluded that the following applies for the variables dxi, dyi, dzi, sxi, syi, szi, vxi,vyi, 

vzi: 

dxi + dyi + dzi  =1; 

sxi  + syi  + szi  = 1; 

vxi  + vyi  + vzi  = 1; 

dxi + sxi + vxi  = 1; 

dyi + syi  + vyi  = 1; 
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dzi  + szi  + vzi  = 1. 

Having in mind the mentioned dependencies, the variables sxi, szi, vxi and vyi can be removed from the 

model, i.e. they can be expressed using other variables. Following these alterations, the model will be 

as follows: 

xi + pi * dxi  + qi * (dzi - syi  + vzi ) + ri * (1- dxi - dzi + syi  - vzi ) ≤ xk + (1- aik)*B  (1а) 

xк + pк * dxк  + qк * (dzk - syk  + vzk) + rк * (1- dxk - dzk + syk  - vzk) ≤ xi + (1- bik)*B  (2а) 

yi + qi * syi  + pi * (1- dxi - dzi) + ri * (dxi + dzi  - syi  ) ≤ yk + (1- cik)*B  (3а) 

yk + qk * syk  + pk * (1- dxk - dzk) + rk * (dxk + dzk  - syk  )≤ yi + (1- gik)*B  (4а) 

zi + ri * vzi  + qi * (1- dzi  - vzi ) + pi * dzi ≤ zk + (1- eik)*B , for all i, k, i < k (5а) 

zk + rk * vzk  + qk * (1- dzk  - vzk ) + pk * dzk ≤ zi + (1- fik)*B , for all i, k, i < k (6а) 

xi + pi * dxi  + qi * (dzi - syi  + vzi ) + ri * (1- dxi - dzi + syi  - vzi ) ≤ Dj + (1- uij)*B (10а) 

yi + qi * syi  + pi * (1- dxi - dzi) + ri * (dxi + dzi  - syi  )≤ Sj + (1- uij)*B  (11а) 

zi + ri * vzi  + qi * (1- dzi  - vzi ) + pi * dzi ≤ Vj + (1- uij)*B  (12а) 

One of the additional constraints which can be included in the model, and which is particularly 

important for transport, is the allowed total weight of the bins, i.e. the cargo space capacity: 

 
(13) 

where mi is the weight of the consignment i, while M is the capacity of the observed cargo space. 

The presented model is one of the general models dealing with the observed problem. These models 

have been developed over time. Depending on the requirements, various functionalities and 

constraints can be included, as in the example of defining the capacity constraint. The development of 

mathematical models and algorithms has considerably contributed to the development of software for 

solving the task of dimensional packing. 

3. THE PROPOSED CONCEPT FOR SOLVING THE 3D BIN PACKING PROBLEM 

WHILE TRANSPORTING EXPRESS CONSIGNMENTS 

The significance of solving the problem of three-dimensional packing while transporting express 

consignments relies on the fact that the transportation systems are faced with an increasing number of 

consignments with non-standardized dimensions. The sources of these consignments are mainly 

e-commerce chains. Namely, in order to improve their position in the market, attract a larger number 

of users and increase the profit, postal companies have to take part in the e-commerce chains. 

Consequently, they accept the transportation of an increasing number of non-standardized 

consignments. Non-standardized consignments are all the consignments whose dimensions and other 

features do not correspond to the regulated standards. Automated postage systems are adjusted to 
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operate with standardized consignments so it is impossible to process non-standardized consignments 

in an automated manner. Therefore, these consignments are mostly processed manually. 

Significant problems arise when packing non-standardized consignments into the cargo space of a 

transportation vehicle. These consignments cannot be packed into the standard packaging for 

transporting express consignments, so they are loaded into the transportation vehicle in their own 

packaging (if they have one). This makes completely compact packing and minimizing the cargo 

space usage impossible, which can indirectly cause numerous problems. Due to the lack of space in 

the cargo space, it is sometimes impossible to pack all the consignments scheduled by the defined 

transportation timetable in accordance with the delivery deadlines. Two scenarios are possible in the 

mentioned situation: transportation of consignments by later departures (it can result in the delayed 

delivery of consignments); or engaging additional resources (transportation vehicles and couriers) in 

order to realize the transportation of the remaining consignments according to the pre-defined 

schedule. In the latter scenario, there are additional expenses which cannot be compensated through 

the service cost. When hiring an additional transportation vehicle, the negative impact on the 

environment is evident. Non-standardized consignments are subject to damages during the reloading 

and transportation processes. Namely, the impossibility of compact packing leaves a larger space 

between the consignments, which increases the possibility that the consignments will move, slide and 

squeeze during transportation. As mentioned above, the systems of the postal companies are faced 

with an increasing number of different consignments, i.e. goods of various features, sensitivity and 

value, which additionally aggravates the stated problem. 

A concept of solving the 3D bin packing problem has been proposed. This concept implies creating a 

geometric model, i.e. a plan which should be the basis for conducting packing, depending on the 

defined characteristics of the cargo space and consignments. The benefits of the application of this 

approach lie in better exploitation of the cargo space, and are primarily perceived in eliminating 

delays, improving consignment safety and decreasing the number of required transportation 

resources (reducing the costs and negative impact on the environment). 

The realization of the concept for solving the 3D bin packing problem within the system of 

transporting express consignments can be presented in the following steps [1]: 

 Step 1: collecting information about the physical characteristics of consignments (length, width, 

height and weight); 

 Step 2: defining the cargo space, i.e. the transportation vehicle; 

 Step 3: the application of the software for solving the 3D bin packing problem; 

 Step 4: the analysis of the obtained solution; 

 Step 5: packing of the consignments according to the defined geometric model of the packing plan. 

4. SOLVING THE 3D BIN PACKING PROBLEM USING AN EXAMPLE FROM THE 

REAL SYSTEM FOR TRANSPORTING EXPRESS CONSIGNMENTS 

The analyzed packing task refers to an example from a real system of the postal company. The 

consignments were supposed to be transported from the processing centre to the corresponding unit 
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of the postal network. The vehicle Peugeot Partner was available. When loading the consignments 

into the transportation vehicle, certain number of them (approximately 10%-15% of the total 

quantity) could not fit into the envisaged cargo space. The application of the proposed concept 

enables creating the geometric model of the packing plan, which will help all consignments to be 

packed, and indicating the impossibility of loading all the consignments in the envisaged cargo space. 

The results related to the latter situation can initiate changes in transport organization (hiring a 

transportation vehicle with a larger cargo space capacity, distributing the consignments to two or 

more transportation vehicles). 

The first step involves collecting the information about the physical characteristics of consignments. 

This concept is not implemented in the observed company (there is no system for collecting all 

necessary information). Thus, in the studied case it was not possible to precisely define the required 

characteristics because the standard business process does not include such records. Table 1 shows 

the requirements, i.e. the number and characteristics of the consignments which should be packed into 

the cargo space of a specific transportation vehicle. Precise data about the characteristics were 

considered for standard consignments (packaging dimensions), while the characteristics of the 

remaining non-standardized consignments were defined in cooperation with the company employees 

who worked on the jobs of consignment reloading and directing. Modern systems based on 3D 

scanners can collect precise information about the physical characteristics of consignments. Accurate 

data on the consignments’ weights were not available, but the total weight was within the limits of the 

cargo load capacity of the envisaged transportation vehicle, according to the employees’ estimation. 

This is the reason why the consignments were assigned arbitrary weight values. 

Table 1. Characteristics of the requirements.  

Packaging type Dimensions (length x width x height) [mm] Quantity 

Cardboard bins T1 (250x175x100) 53 

Cardboard bins T2 (350x250x120) 33 

Bulk bins (550x500x400) 9 

Sacks (1000x350x350) 2 

Consignments of non-standardized packaging 47 

Step 2 defines the cargo space where the consignments are supposed to be packed. In the analyzed 

case, the used vehicle was Peugeot Partner, with the capacity of approximately 650kg, and the 

following dimensions of the cargo space: length - 1800mm; width - 1620mm; height - 1250mm. 

In step 3, the software is applied to solve the 3D Bin Packing Problem, i.e. the geometric model of the 

packing plan is created. In this specific case, the obtained solution stated that all the stored 

consignments could be packed in the defined cargo space. However, in the reality 10% - 15% of the 

total quantity of the consignments remained out of the cargo space. In the solution, the cargo space 

usage, presented by the occupancy rate, amounted to around 80%. The consignments requiring 

special handling, particularly the fragile ones, which were outside of the bulk bins, were included in 

the packing plan by the software users in order to increase their safety level [1]. Figures (Fig. 2 – 4) 

offer the geometric presentation of the packing plan models using different views, which was 

obtained as the graphic output of the software. Thus, obtained solution can be decomposed in order to 

obtain a more detailed visual plan. The decomposition level depends on the consignment structure, 
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i.e. the level of visibility of the consignments’ position in the cargo space [1]. The following figures 

(Fig.5 – Fig.7) show the packing plan with an arbitrary decomposition level. 

 

Figure 2. The geometric model of the packing plan (perspective view 1).  

 

Figure 3. The geometric model of the packing plan (perspective view 2).  

 

Figure 4. The geometric model of the packing plan (perspective view 3).  
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Figure 5. The decomposed geometric model of the packing plan – level 1.  

 

Figure 6. The decomposed geometric model of the packing plan – level 2.  

 

Figure 7. The decomposed geometric model of the packing plan – level 3.  
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The number of decomposition levels depends on the structure of the geometric model of the packing 

plan. In theory, the number of decomposition levels can be equal to the number of consignments 

which are to be packed. The last level represents the complete packing plan which is presented in this 

paper by means of various perspective views, as the obtained final solution. 

The analysis of the solution involves checking whether all the consignments are in the packing plan, 

as well as checking the position of the consignments requiring special handling and including 

sensitive content. The software enables manual correction of the consignment position if required, as 

well as the generation of the records regarding their status. On the basis of the solution and created 

geometric model of the packing plan, transportation vehicles are analyzed in order to find out the 

most suitable one for transportation. In the case of the low level of the cargo space usage, a 

transportation vehicle of lower capacity should be considered. On the other hand, when the cargo 

space capacity of the transportation vehicle is insufficient for all consignments, the task to be solved 

is the selection of the transportation concept – a larger transportation vehicle or 2 or more small 

vehicles [1]. In the studied situation, there were no significant corrections, and the ones which were 

conducted are part of the presented final solution of the geometric model of the packing plan. 

5. CONCLUSION 

Improving the sustainability of transportation systems represents a significant initiative for 

transportation companies and for the companies whose operation is based on transportation activities, 

and for society as a whole. Distribution systems ensure the transportation of various goods to specific 

locations, while forming a complex logistics chain based on the developed and strong infrastructure. 

Depending on the nature of the distributed goods, the technological process of transportation has 

specific characteristics. One of the common tasks is the efficient usage of the available transportation 

resources. This study analyzed the problem of the efficient usage of the cargo space of transportation 

vehicles.  

The paper observed the technological process of transporting express consignments in the postal 

company which represents one of the largest logistics and distribution centres in Serbia and the 

region. The observed problem was related to packing postal consignments into the cargo space of 

transportation vehicles while transporting the consignments between postal centres and delivery units 

of the postal network. In the future, the expansion of e-commerce will result in a larger number of 

non-standardized consignments, which will make the packing problem even more complex. In order 

to solve the mentioned problem, i.e. to optimize the cargo space usage when transporting 

consignments, the application of a concept for solving the packing problem (3D Bin Packing 

Problem), was proposed in the paper. On the basis of this concept, a geometric model of the packing 

plan was created according to corresponding constraints. The application of the concept can generate 

a solution for compact consignment packing with a high level of the cargo space usage or indicate the 

insufficient cargo space capacity of the analyzed transportation vehicle. In the literature and in 

practice, there have been a large number of algorithms and examples of software for solving the 3D 

Bin Packing Problem. Using an example from a real system, the paper proved the applicability of the 

proposed concept. The results of the application of the EasyCargo software were presented in the 

form of geometric models of the packing plan. 
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